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Abstract—This paper presents an analysis of the simultaneous heat transfer by forced convection, radiation
and conduction in the entrance region of an internally finned circular tube. The governing equations of
momentum, energy and radiative transfer are solved numerically using a control volume based approach.
Under the idealization of a gray gas, the radiative contribution in the medium is modeled by an approximate
differential method, the first-order spherical harmonics (P,) approximation. This route provides an
additional partial differential equation of elliptic type in the system of convection-diffusion equations.
Adoption of this differential formulation is advantageous from a computational point of view, because it
is fully compatible with the SIMPLER code. Computed results for the distorted velocity profiles in the
reduced cross-section of the tube provide the frictional losses due to the addition of longitudinal fins.
Furthermore, heat transfer augmentation in the thermal entrance region of the finned tube is represented
by the mean bulk temperature in terms of the descriptive geometric, hydrodynamic, thermal and radiative
parameters.

INTRODUCTION

THE AUGMENTATION of the heat transfer performance
of circular tubes by longitudinal internal fins has
found wide use in compact heat exchangers due to the
additional surface area provided by the fins. In this
regard, an extensive review of heat transfer enhance-
ment techniques has been presented by Bergles [1],
wherein various internal fin arrangements are
described in detail.

Previous theoretical and experimental investiga-
tions of laminar flow and heat transfer in internally
finned tubes have dealt almost exclusively with the
hydrodynamically and thermally developed situation.
In these studies, the thermal conductivity of the tube
wall and the longitudinal fins has been assumed to be
sufficiently high so that the fins remain at a uniform
temperature approximately. Furthermore, in these
studies the fin thickness in the array has been usually
considered negligible in comparison with the interfin
spacing. Accordingly, the corresponding numerical
results have been reported in terms of two asymptotic
parameters : the friction factor and the fully developed
Nusselt number, both expressed as a function of the
fin height and the number of fins in the array.

More recently, it has been realized by different
researchers that the complex interaction of fluid flow
and heat transfer in internally finned tubes of compact
heat exchangers necessitates to produce additional
calculations in the developing region. Obviously, this
was necessary in order to complement the information
already available for the fully developed region. In
view of this limitation, Rustum and Soliman [2] con-
ducted a numerical analysis of the fully developed
Jaminar flow and developing temperature in longi-
tudinally finned tubes. These authors used standard
finite-difference procedures for their calculations. On
the other hand, Prakash and Liu [3] and Choudhary
and Patankar [4] examined the situation of simul-
taneously developing fluid flow and heat transferin a
tube with longitudinally internal fins. In these two
independent publications [3, 4], the applicable con-
servation equations were solved numerically utilizing
a control volume based discretization in conjunction
with the SIMPLER code.

Conversely, heat transfer by simultaneous con-
vective and radiative transfer in gas flows operating
at high temperature and high heat fluxes has become
increasingly important in the area of high temperature
heat exchangers. The available results have been sum-
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A, dimensionless flow area

specific heat at constant pressure

Bkg™'K7]

f friction factor, equation (7)

G  total irradiation [W m~?]

G* dimensionless total irradiation,
equation (6)

H  dimensionless fin height, A/r,

h fin height [m]

/]  intensity of radiation {[W m~?sr ']

I, intensity of black body radiation

Wm™ s ]
K, total volumetric absorption coefficient
[m ]

k  thermal conductivity (W m 'K~ ']
m  mass flow rate [kgs ']

N radiation—conduction parameter,
equation (6)

number of fins

Pr  Prandtl number

p  pressure [N m™ 7]

p position vector [m]

QO+ total heat transfer, equation (10) [W]
Q. ideal heat transfer [W]

¢ radiation flux vector [W m 7]

Re  Reynolds number for finned tube,
equation (6)

Reynolds number for smooth tube,
equation (14)

¥ radial coordinate [m]

¥o  pipe radius [m]

NOMENCLATURE

T absolute temperature [K]

reference temperature, T, = T, [K]

7, mean bulk temperature [K]

T. entrance temperature [K]

T, wall temperature [K]

t dimensionless temperature, equation (6)

U  dimensionless velocity, equation (6)

U  dimensionless mean velocity

u  velocity [ms ']

i mean velocity [ms ']

Z  dimensionless axial coordinate,
equation (6)

Z* dimensionless axial coordinate,
equation (14)

ot axial coordinate [m].

Greek symbols

2 half the angle between the sides of adjacent

fins

p  half the angle subtended by one fin
f  extinction coefficient [m ']
n dimensionless radial coordinate,

equation (6)

! angular coordinate
v kinematic viscosity [m*s ']
p  density kg m™-]
g Stefan-Boltzmann constant (W m K ]
T optical thickness, equation (6)
w  solid angle
Q  heat transfer efficiency, equation (12).

marized and discussed recently by Howell {5] in a
review paper and by Mori et al. [6] in a monograph.
In these applications, unless the contribution of radi-
ation is very weak or very strong, momentum, energy
and radiative transport equations must be solved
simultaneously in order to determine local temper-
atures and local heat fluxes in the participating
gas medium. The rigorous formulation of the energy
equation describing laminar forced convection of a
gas that emits and absorbs radiation in a plain tube
involves a non-linear integro-partial differential equa-
tion [5]. In fact, it is also well known that the numeri-
cal solution of this intricate equation is quite involved
and requires large amounts of computing time and
storage. In this regard, in order to carry out the com-
putations it is usually necessary to implement an iter-
ative approach in which the integral terms and the
differential terms of the above-cited energy equation
are solved consecutively [7-9]. Alternatively, the
approximate differential methods documented by
Ozisik [10] seek to replace the highly complex energy
equation and the radiative transfer equation (RTE)
by a system of coupled partial differential equations

that depend on both temperature and irradiation. As
a result, the numerical solution of this transformed
system seems to be easier to obtain than the original
integro-partial differential equation. In this sense, the
first moment method and the P,-approximation of the
spherical harmonics are equivalent procedures that
accomplish this goal [10]. At this stage, it should be
mentioned that this particular methodology has been
successfully employed in ref. [11] for the investigation
of a thermally developing radiative—convective gas
flow restricted to fully developed velocity. The
numerical solution of the transformed system of ordi-
nary differential equations of first order was readily
obtained in ref. [11] via a novel combination of the
method of lines, control volume discretization and a
Runge—Kutta algorithm.

Although a number of analyses dealing with com-
bined problems of forced convection and radiative
transfer have been performed under the assumption
that a fully developed temperature prevails, this ideal-
ization may provide erroneous thermal results. In this
respect, two publications one by Kurosaki [12] and
the other by Chawla and Chan [13] have tacitly dem-
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onstrated that the axial variation of the total Nusselt
number possesses a concave shape (passing through
a minimum), rather than gradually approach an
asymptotic value characteristic of pure forced con-
vection tube flows.

In light of the foregoing, the primary objective of
this paper is to explore the combined enhancing effects
of participating thermal radiation on laminar forced
convection of gas flows through internally longi-
tudinal finned tubes. An exhaustive literature review
on the subject of combined mechanisms of heat trans-
mission reflects that this kind of problem has not been
investigated so far. However, the question of forced
convection in laminar duct flows under the influence
of surface radiative exchange has been addressed
recently by Torikoshi et a/. [14] and Chan and Kumar
[15]. For concreteness, the present analysis focused
on a general situation wherein the gas temperature
develops in a longitudinal finned tube, and the velocity
is taken as fully developed. The computed velocity, of
course, depends on the fin height and the specific
number of fins deployed in the tube cross-section.
Hence, this distorted velocity profile is considered as
an input for the governing equation of energy con-
servation.

Turning attention to the radiative analysis, as a
first-order approximation, the medium is assumed as
a gray gas, capable of emitting and absorbing radiant
energy. Furthermore, the inner tube surface is con-
sidered black, whereas the fins are relatively thick and
are equally distributed in the cross-section of the tube.
The applicable RTE, based on the P -approximation
is coupled with the SIMPLER code which is used to
solve the set of conservation equations numerically.
Computed results are presented at the end of the paper
for the axial variation of the mean bulk temperatures
as a function of the controlling parameters describing
the combined heat exchange process. These results
will be useful to the design engineer for predicting the
level of heat transfer augmentation (due to the action
of combined mechanisms and a fixed number of fins)
in the thermal entrance region of the tube. In addition
to this, the results also provide parallel hydrodynamic
data associated to the increase of pressure losses due
to finning.

DIFFERENTIAL FORMULATION

The analysis is referred to the cross-section of the
internally finned tube shown in Fig. 1. By virtue of
the symmetries, it is only necessary to analyze the flow
and heat transfer processes in the sector that spans
between the tube centerline, 8 = 0°, the tube wall, and
the angle 6 = o+ f. In other words, the integration
domain corresponds to a sector constructed between
any two consecutive fins and the wall. Furthermore,
the tube wall and the array of straight fins were sup-
posed to be of high thermal conductivity, so that both
would assume a uniform temperature over the cross-
section of the tube.
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F1G. 1. Cross-section of the internally finned tube.

For the situation of fully developed laminar flow in
the finned tube, the equations of conservation for
a radiatively participating gas may be written as
follows :

momentum
10 au 1 0°U
—— — _ 1=0:
(R R
energy
T1uér 1é6f ot 1 6%
- =" o 4 % _ 44 .
207 nan<’7an>+ NG =)+ a gz @

radiative transfer

10 aG*\ | &G
nan\"on ) w7 a0

where the step-by-step derivation of equations (2) and
(3) is given in the Appendix.

To complete the formulation of the foregoing prob-
lem, the hydrodynamic boundary conditions applied
to equation (1) are: U = 1 at the entrance, U = 0 on
the solid walls, dU/60 = 0 on the symmetry lines, and
oUjon = 0 at the centerline of the tube. The thermal
boundary conditions imposed on equation (2) are:
t=1, at the entrance, t=1 at the solid walls
(T =T,), ¢t/00 =0 on the symmetry lines, and
0t/én = 0 at the centerline of the tube. Moreover,
equation (3) was solved subject to the boundry con-
ditions controlling the dimensionless irradiation G*
at the solid black walls (including the array of fins),
namely

oG*
on

oG*
on

=3t4G*~1)  (3)

3
= — ET(G* —1t% at the solid walls  (4)

=0 on the symmetry lines %)
where J/0n designates the normal derivative.

The preceding set of equations has been formulated
with the following dimensionless variables and
descriptive parameters :
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where the symbols are defined in the Nomenclature.
Additionally, the foregoing formulation is restricted
to uniform fluid properties, where the influence
of viscous dissipation, axial conduction and axial
radiation in the gas domain have been considered
negligible.

HYDRODYNAMIC AND THERMAL
PARAMETERS

The hydrodynamic aspects of the combined prob-
lem defined in the preceding section will be analyzed
first. Hence, according to Soliman and Feingold [16],
the pressure drop due to internal finning, may be
conveniently presented through the value of f Re

2n/A
fRezjg

)
where A is the dimensionless flow area given by the
relation

A;=n—(NF)p(2—~H)H. (8)

Correspondingly, this same approach was used in the
present paper for correlating the computed friction
factor of internally finned tubes. In addition, it also
serves to provide a basis of comparison with smooth
(finless) tubes, retaining the same numerical values of
the tube radius r,, the kinematic viscosity of the fluid
v and the mass flow rate m.

Secondly, for the heat transfer calculations, the
thermal quantity of paramount interest is the mean
bulk temperature distribution, which is defined as

j UrdA;
Ar

= — ©)

J Udd,
Ay

where the integration was performed over the dimen-
sionless flow area A; also. By virtue of this definition,
the total heat transfer Q- in a finned tube of length L
carrying a high temperature gas flow may be easily
obtained from an overall energy balance between any
two consecutive stations z = 0 (the entrance) and L
(any downstream station), i.c.

Qr = me (T, —T.).

Likewise, upon introduction of an ideal heat transfer
Q. between z =0 (the entrance) and oo (an axial
station placed far away from the entrance)

(10)

Q. =mc,(T,—T,) (I
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the bulk temperature ratio Ty, /T, may be associated
with the heat transfer efficiency Q. In ratio form, this
efficiency simply becomes

sy
0,

Consequently, combining equations (10)—(12) yields
the efficiency—temperature relation

Q (12)

Q- le— Iy

t.—1 (13)

which in essence serves to associate the dimensionless
mean bulk temperature 7, (at a certain station z = L)
with the total heat transferred up to that station in
the finned tube, Q+.

To visualize the enhancement effect caused by inter-
nal finning, the inside tube diameter, rather than the
equivalent hydraulic diameter, is used as the charac-
teristic dimension in the axial coordinate Z*. Accord-
ingly, this dimensionless quantity Z* computed by
the relation

Re Z%

EK = (14)
is adopted here for presenting the set of hydrodynamic
and thermal results.

COMPUTATIONAL PROCEDURE

The computational task consists of the solution of
equations (1)—(6), which eventually will provide the
velocity, temperature and heat flux fields in the con-
vective—radiative medium. Accordingly, the system of
partial differential equations was solved numerically
by the control volume procedure described by
Patankar [17], in conjunction with the SIMPLER
code [18].

Alternatively, for the contribution of the radiatively
participating gas, the two-dimensional RTE is
modeled by an approximate differential method. In
this work, the first-order spherical harmonics (P,-
approximation) has been employed. It supplies an
additional elliptic equation of diffusion—convection
type, namely equation (A11), which is derived in the
Appendix. Thus, the discretization introduced to
obtain a finite-difference form of the RTE employs
the same control volumes utilized for the conservation
equations of momentum and energy. Correspon-
dingly, the special feature of this formulation/
computational approach is that the full set of con-
servation equations are of the general diffusion—con-
vection form, namely

¢ o
<P Ugp—T, ) =S,

hal —
dx; ox;

(15)

which is fully compatible with the SIMPLER code.
The terms I'; and S, in equation (15) are the diffusion
coeflicient and source term, respectively.

Once the control volume discretization is com-
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Table 1. Comparison of the friction factor, / Re

NF =4 NF =8 NF =16
# o @ O @ GO @
0.5 4189 4084 89.15 8254 182.96 169.26
08 80.I1 8254 221.88 21544 877.53 B68.70

(1} Present work.
(2) Soliman and Feingold [16].

pleted, the procedure for solving the corres-
ponding set of algebraic equations relies on the
common practice of solving them by a standard line-
by-line method [17]. This method involves solving
simultaneously for all the variables along one grid
line, which of course may be accomplished by an
efficient algorithm. In this context, the line-by-line
scheme was supplemented by a standard block-cor-
rection procedure which employs the concept of addi-
tive corrections generalized by Settari and Aziz [19].
Furthermore, at this stage it should be emphasized
that since the energy and radiative transfer equations
are interlinked, both were solved iteratively at each
axial station Z in the thermal entrance region.

The computations were performed with uniform
spacings on a 22 x 22 grid in the 4—0 coordinates util-
ized here. In addition, a non-uniform axial step was
used for the thermal calculations starting from a small
value of Z = 10~ ° at the entrance, and subsequently
adjusted gradually in the downstream region of the
tube. With regards to the grid size, preliminary runs
on grids that were finer indicated that the results pre-
sented are accurate to at least 1% in the primitive and
overall variables at a station close to the entrance
Z =10"* As expected, the accuracy improves sig-
nificantly at stations further downstream in the tube,
As a verification of the computational procedure,
numerical results were obtained initially for a con-
ventional fluid flow through finned tubes without par-
ticipating radiation. For these tubes, numerical values
of the friction factor represented by f Re were com-
pared in Table 1 with the analytical predictions
reported by Soliman and Feingold [16]. In general,
these comparisons for § = 3° resulted in good agree-
ment for all tube geometries tested. Additional results
were determined later for high temperature gas flows
(Pr=10.7) through finless tubes accounting for par-
ticipating radiation. Correspondingly, for the situ-
ation involving combined forced convection and radi-
ation in a plain tube, the mean bulk temperature
distribution based on the P-approximation agrees
well with the classical solutions of Pearce and Emery
[8] and Echigo et a/. [9] for a wide range of radiation
parameters considered. To conserve space, these com-
parisons are not included in this paper, but they are
discussed in detail in ref, [11].

On the other hand, for radiative transfer in axisym-
metric, finite cylindrical enclosures Mengiig [20]
compared the predictions based on the P,- and F;-
approximations with the ‘exact’ numerical results.
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He found that the maximum difference between the
heat fluxes using the exact data and the P-results was
at most 10%. According to ref. [20}, the discrepancy
was not expected to be critical when radiation is
coupled with other modes of heat transfer.

In light of the foregoing discussion, the math-
ematical formulation of the problem under study here
relies on the P,-approximation. Additionally, the
solution of equations (1)—{6) was carried out numeri-
cally using control volumes, the SIMPLER code and
the mesh described in the preceding paragraphs.

RESULTS AND DISCUSSION

An examination of the dimensionless set of con-
servation equations reveals the presence of six pre-
scribable parameters: (1) the number of fins NF, (2)
the fin angle 2, (3) the dimensionless fin height H,
(4) the entrance-to-wall temperature ratio ¢, (5) the
optical thickness t and (6) the radiation—conduction
parameter N. In order to minimize the number of
figures in the presentation of results the calculations
correspond to f=3°, H=0.5 and ¢, = 0.5, respec-
tively. In light of this, the numerical computations
were carried out for three different fin arrangements
NF = 0, 3 and 5. The radiation parameters considered
were T and N, their numerical values ranging as
0 <t<5and 0 <N < 10, respectively. This choice
of parameters covers a spectrum of possible com-
binations of high temperature gas flows under laminar
motion.

The development of the temperature profiles along
the length of the longitudinal finned tubes may be
conveniently studied by means of the axial variation
of the mean bulk temperature 1. In fact, as stated
earlier, the bulk temperature at any axial location is
a better indication of the thermal development than
the Nusselt number because by virtue of equation (13)
it also represents the total heat removal Q from the
gas flow until that axial location. Although the
Nusselt number is traditionally the dimensionless
parameter employed in presenting results for internal
forced convection problems, there is a good justi-
fication not to adopt this approach here. For engin-
eering purposes, the most important information is
the heat transfer enhancement in a certain tube length
due to the addition of fins with respect to a similar
finless tube. Correspondingly, this objective may be
accomplished by combining the mean bulk temper-
ature distribution and equation (13).

For a standard case of forced convection in a finned
tube without participating radiation, Fig. 2 shows the
development of 7, over the region 107° < Z+ « | for
NF =0, 3 and 5, respectively. The mean bulk tem-
perature development for any Prandtl number fluid
(either gas or non-metalic liquid) starts with 2, = 0.5
for a different number of fins in the array. As NF
increases from 0 to 5, 7, follows the expected behavior
of monotonic increase along the developing region
down to the asymptotic region, wherein thermal satu-
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NF = 0
NF = 3
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0.800 |
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0.1.00 1.000
z+
F1G. 2. Mean bulk temperature distribution for ¢ = 0 and
N =0.
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0.900 |

0.800

0.600 |

0.500 L

0.001

1.000
7+
3. Mean bulk temperature distribution for ¢ = 1 and
N="1
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0.500

0.800

0.600

0.500 1

0.001 0.010 0,100 1.000

Z+
F1G. 4. Mean bulk temperature distribution for 7 = 1 and
N =3

1.000

0.900

0.800

0.500
0.001 0.010

0.100 1.000
Z+
Fi1G. 5. Mean bulk temperature distribution for 1 = 1 and
N = 10.

ration occurs. In this figure, all finned tubes appear
to have approximately the same axial temperature
gradient in a large portion of the thermal entrance
region.

Figures 3-7 have been prepared to show the influ-
ence of participating thermal radiation in a gas flow
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1.000

0.800 |
t,
0.700 |
0.800
0.500 L =
0.001 a.010 0.100 1.00G
Z+
Fi1G. 6. Mean bulk temperature distribution for r = 0.05 and
N =25
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0.800 |
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F1G. 7. Mean bulk temperature distribution for 1 = 5 and
N =25

(Pr=10.7) through a finned tube, being represented
by various values of the optical thickness 7 and the
radiation—conduction parameter N. At this juncture,
note should be taken that although Pr = 0.7, the flow
rate described by the Reynolds number Re appears
as an indirect parameter in the dimensionless axial
distance Z*.

The major issue to be examined in Figs. 3-5 is the
response of the mean bulk temperature development
to changes in N maintaining a fixed value of 7, for
instance = 1. First, considering Fig. 3 where N = |
it is seen that the bulk temperatures increase rather
slowly with Z* and that the difference between the
curves remains approximately unaltered. As expected,
the region of thermal saturation for each curve occurs
at a shorter value of Z* when compared with.lhc
situation without radiation (see Fig. 2). This behavior
is due to the relatively low rates of radiative transfer
taking place in the gas.

Conversely, when radiation is stronger N = 3, the
afore-mentioned trends are modified as evidenced in
Fig. 4. Accordingly, the mean bulk temperature for
each group of fins rises more rapidly than before.
Furthermore, the effect of the number of fins is height-
ened, especially for NF = 3 and 5. Here, it is also seen
that with the addition of fins, the deviations of local
bulk temperature Af, at each station tend to decrease
as the number of fins increase from 0 to 3, and finally
to 5. Correspondingly, the gas flow reaches the wall
temperature at Z* = 0.10. The presentation of results
for t =1 is completed in Fig. 5. Here, temperature
results show a pronounced sensitivity to radiation as
N increases to 10. For this situation, heat transfer
rates increase in the thermal entrance region causing
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Table 2. Mean bulk temperature at
Z*=001forN=35

T

NF 0.05 I 5
0 0.590 0.777 0.650
3 0.625 0.816 0.709
S 0.654 0.836 0.755

Table 3. Mean bulk temperature Z* =

005for N=35
T
NF 0.05 I 5
0 0.766 1 0.893
3 0.818 1 0.950
5 0.855 1 0.964

more rapid changes in #,. The trends in this figure are
in agreement with those discussed in the foregoing
paragraphs for Fig. 4, but certain details are worth
noting. It is evident that as NF surpassed 5, the mean
bulk temperature variation is moderately sensitive to
the number of fins utilized in the array. For this par-
ticular case, the gas flow reaches the asymptotic ther-
mal condition at Z* =0.04 and conversely, the
pressure gradient is appreciably augmented. The
foregoing behavior may be summarized as follows. As
N increases, the numerical results tend to approach
an asymptotic solution which is independent of N.
This solution seems to be invariant with the addition
of more fins. In fact, letting N — oo in equation (2)
gives G* = t* = 0. This relation yields G* = constant
from the combination of equations (3)—(5). Therefore,
t = G*''* = constant indicates that the result is indeed
independent of geometry.

Results for variable t comprise the final item in
the presentation of results specifically for values of
7 =0.05, 1, 5 retaining N = 5. The main feature of
the results illustrated in Fig. 6 fort = 0.05and N =5
is the evidence of low rates of heat transfer. The mean
bulk temperatures do not differ much from those of
Fig. 3 for 1 =1 and N = 1, wherein the parameters
appear to have a compensatory effect.

The discussion of Figs. 6, 4 and 7 will be done with
the help of the numerical results of Tables 2 and 3.
From a detailed inspection of these figures, it appears
that the response of 7, to 7 is analogous to the response
of t, to N discussed previously. Attention is first
focused on a finned tube having a fixed dimensionless
length of Z* =0.01. An examination of Table 2
reveals a rather interesting thermal behavior. The
maximum value of f, (or its equivalent the maximum
heat removal Qrp.,) occurs in the vicinity of 7 = 1,
regardless of the number of fins in the bundle. This
phenomenon is an indication of the sweeping effect
that ¢ possesses on the gas temperature, reaching
maximum values at approximately t = 1, and there-
after dropping slightly depending on the number of
fins considered. To complete this discussion, attention
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is now turned to a larger finned tube with a constant
dimensionless length of Z* = 0.05. For this case, the
corresponding mean bulk temperature results are
tabulated in Table 3, and here again, approximate
maximum values of ¢, are associated to 7 = 1 for any
number of fins in the array. In passing, it should be
mentioned that the influence of the optical thickness
7 (1 = 1) on thc maximum heat transfer has been also
observed in ref. [11] for the situation of plain tubes.

CONCLUSIONS

The enhancing effects of longitudinal fins have been
studied for cases of forced convection with par-
ticipating radiation in laminar gas tube flow. Under
the assumption of a gray gas, the two-dimensional
radiative transfer equation has been modeled by the
P,-approximation. The methodology proposed here
appears to circumvent several of the computational
difficulties encountered in convective-radiative prob-
lems. A detailed inspection of the numerical results
leads to the conclusion that large errors will arise
in the analysis when radiation is neglected for high
temperature gas flows. The conclusions may be recast
as follows : as the radiation—onduction parameter N
increases, the numerical results approach an asymp-
totic solution, which seems to be invariant with the
addition of more fins. On the contrary, the influence
of the optical gas thickness t is more complicated,
because maximum heat removal is achieved whenever
7 = | approximately. Ultimately, the enhancing factor
due to the inclusion of the radiative mechanism is
explained in detail.
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APPENDIX. MODELING OF RADIATIVE
TRANSFER IN THE MEDIUM

The radiative heat flux vector g® may be expressed in terms
of the intensity of radiation as follows [10]:

div(q®) = J K J[1(T)— (L, 5)] dw (A1)
4n

where the first and second terms of the integrand represent

the emitted and absorbed radiation in the participating

medium, respectively. Additionally, the intensity of radiation

may be written as

1(p,Q) = Iy(p)+a(p) I+b(p) -m+c(p)-n  (A2)

where a. b, ¢ are functions of position and /, m, n are the
direction cosines in the Q-direction.

Pi-approximation
Upon integrating the RTE in cylindrical coordinates yields
a partial differential equation for the first moment of inten-

sity 1,
&, 1o dl 1 &1 .
Cloy il <r ")+ oot = 3BKo— 1)

az>  ror\C or r

(A3)

where f} is the extinction coefficient of the participating
medium.
Alternatively, combining equations (Al) and (A2) and
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carrying out the required integration steps, results in the
relation between the radiative heat flux and the intensity of
radiation, i.e.

div(q®) = 4nK, (1, —1,). (A4)
Furthermore, the definition of the total irradiation G
G = f Idw (AS)
4n

when combined with equation (A2) leads to the relation
G = 4nl,. (A6)

In addition, owing to the hypothesis of local thermodynamic
equilibrium, the intensity of radiation for a black body 7,

becomes
I, =oTn. (A7)

By virtue of the previous definitions, the equation of
energy conservation [21] and the equation of radiative trans-
fer, equation (A3), may be transformed into the following
system of partial differential equations:

or_k[frofor) 1 er],
U= el r @\ )T s

= 3K, (G—40T*) (A9)

(G 46T

(A8)

where the dependent variables are the temperature T and the
irradiation G. Under the assumption of a non-scattering
gray medium and introducing the dimensionless quantities
defined in equation (6), leads to a new system controlling the
temperature and heat flux fields. That is

U0 at 1 i (l + 1 8% FANT(GH 1)
Moz =nwon\"og) a0 7T
(A10)
1 *G* 1 ¢ oG* 1 2°G*
e T e S < 3G 1Y),
(Re Pr)? 627 +r]6n<r’ Fn>+n‘ o0 i )
(AL

A detailed inspection of these equations reveals that equation
(A10) is a three-dimensional equation of the parabolic type,
whereas equation (All) is a three-dimensional equation of
the elliptic type.

Next, in order to obtain an a priori estimate of the con-
ditions for which the axial transport of thermal radiation in
the tube can be neglected, an order of magnitude argument
similar to that used in the boundary layer theory [21] has
been made. In fact, such an argument was developed by
Pearce {7] for laminar forced convection with a radiatively
participating gas through circular plain tubes. His reasoning
was based on the observation that the radiation flux in the
optically thick limit will yield the most conservative criterion
for purposes of analysis. Here, this requirement may be writ-
ten as follows:

6T ogF
p(,,u R

(A12)

Thus, this inequality is indeed a statement that the con-
tribution of the axial component of the radiation heat flux
is very much smaller than that of the equivalent axial con-
vection term. Consequently, in the optically thick limit (an
upper bound), the radiation heat flux is simply given by

160 T 0T

R rtl

= =T3K, o

(A13)

This criterion, when written in the context of the present
problem, simply becomes
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3pic,K,r,
160T3;

Equivalently, the radiation Peclet number defined as Pey
= Re Pr(z/N) is restricted by the inequality

Re Pr(t/N) >» 10 (A15)

which dictates the criterion for neglecting axial thermal radi-
ation in equation (All). In this sense, condition (A15) is
analogous to Re Pr » | which according to Hennecke [22]
provides the threshold of axial heat conduction in purely
forced convection tube flows.

In light of the foregoing order-of-magnitude analysis,
equation (All) in the absence of axial thermal radiation,

becomes
10 oG* 1 9°G*
. - = 2 *_14 i

> 1. (Al4)

(A16)
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Hence, from a computational point of view, this sim-
plification is extremely advantageous because equation
(All) becomes a two-dimensional equation retaining its
elliptic structure in the cross-stream direction only, and not
in the axial direction.

Ps-approximation

For the P;-approximation, after some elaborate manipu-
lations of the moment-differential equations four elliptic par-
tial differential equations are obtained. These four equations
where the dependent variables are the /,, /,,, /5; and /|,
moments have to be solved simultaneously. Consequently,
an iterative scheme must be employed to obtain the solution
of the four moments of the intensity of radiation. Once
the magnitude of the intensity is known, the radiative flux
distribution may be written.

AMELIORATION DU TRANSFERT THERMIQUE DANS LES TUBES AILETES
INTERIEUREMENT EN TENANT COMPTE DE LA COMBINAISON DE LA
CONVECTION ET DU RAYONNEMENT

Résumé—On présente une analyse du transfert thermique simultané par convection forcée, rayonnement
et conduction dans la région d’entrée d’un tube circulaire aileté intérieurement. Les équations de quantité
de mouvement, d’energie et de transfert radiatif sont résolues numériquement en utilisant une méthode de
volume de controle. Dans I'idéalisation de gaz gris, la contribution du rayonnement dans le milieu est
modélisé par une méthode différentielle approchée, I"approximation harmonique sphérique du premier
ordre (P,). Cette approche fournit une équation additionnelle aux dérivées partielles du type elliptique
dans le systéme d’équations de convection. L’adoption de cette formulation différentielle est avantageuse
du point de vue numérique, parce qu’elle est compatible avec le code SIMPLER. Les résultats du calcul
pour les profils de vitesse distordus dans la section droite réduite du tube donnent les pertes par frottement
dues a ’addition des ailettes longitudinales. L’augmentation du transfert thermique dans ’entrée thermique
du tube aileté est représentée par la température moyenne du fluide en fonction des paramétres descriptifs
qui sont géométriques, hydrodynamiques, thermiques et radiatifs.

ERHOHUNG DES WARMEUBERGANGS IN INNENBERIPPTEN ROHREN UNTER
BERUCKSICHTIGUNG VON KONVEKTION UND STRAHLUNG

Zusammenfassung—In dieser Arbeit wird der gekoppelte Warmetransport durch erzwungene Konvek-
tion, Strahlung und Leitung im Einlaufbereich eines innenberippten kreisférmigen Rohres analysiert. Die
Erhaltungsgleichungen fiir Impuls, Energie und Strahlungstransport werden mit Hilfe eines Kontroll-
volumenansatzes numerisch gelost. Bei einer Idealisierung als grauves Gas wird der Strahlungsanteil
mit einer Differenzenmethode, die auf einer sphirischen harmonischen Nédherung erster Ordnung beruht,
berechnet. Dadurch ergibt sich eine zusitzliche elliptische Differentialgleichung im System der Differ-
entialgleichungen. Diese Vorgehensweise bringt Vorteile bei der Simulation mit sich, da sich eine vollstidn-
dige Kompatibilitdt mit dem SIMPLER-Code ergibt. Berechnungen des verzerrten Geschwindigkeitsprofils
im verengten Rohrquerschnitt liefern die zusétzlichen Reibungsverluste aufgrund der Langsrippen. AuBer-
dem wird die Erhéhung des Wirmeiibergangskoeffizienten im thermischen Einlaufgebiet (bezogen auf die
mittleren Temperaturen) in Abhéngigkeit von den entscheidenden geometrischen, hydrodynamischen,
thermischen und optischen Parametern dargestellt.

HWHTEHCH®UKALIUSA TETUIONNEPEHOCA B TPYBAX C BHYTPEHHUM OPEBPEHHUEM
C YYETOM CMENIAHHOW KOHBEKHWHW MPU HAJIMYUHU PAJAHUALINN

AmBOTAIME—AHATH3HPYETCH COBMECTHBII TEIUIONEPEHOC 33 CYET BHIHYXKICHHON KOHBEKUHH, PafHALMK
4 TEIJIONPOBOAHOCTH BO BXOIHOM Y4acTKe Kpyriioil TpyOui ¢ BHyTpeHHHM opebGpenneM. C HCNoOb30Ba-
HHEM METO/a, OCHOBAHHOTO HA KOHTPOJLHOM 00BeMe, YHCICHHO DPEHIAIOTCA YPABHEHHS HMIIYJIbCa,
JHEPIWH U paJHALMOHHOTO MEepeHoca. B mpuGIMKeHHMH ceporo rasa BKNaj H3JYYeHHS B CpeAe MOJEIH-
pyercs ¢ nomMombio auddepeHIHAILHOrO METONA H C HCNOJIb30BaHHEM IIPH6IMkeHHs ChepHIECKHX rap-
MOHHK mepsoro nopsaxa (P,). INpennoxeHHB NOAXOA NO3BOJMAET NOJYYHTh AAddepeRumanbHOe
YPaBHEHHE IJUTHNTHYECKOTO THIA, AONOJIHAIONIES B CHCTEMY ypaBHeHMH KoHBeKUMH—Iuddysnu. HUcno-
Ab30BaHHE YKa3aHHOH muddepennmanLioii GopMYIHPOBKH YOOGHO C TOUKHM 3peHHs BHIYMCIEHHH. Pesy-
JILTaTH, NOJYYEHHBle UIA JedopMHpOBaHHBIX Npoduieil CKOpocTell B YMEHBLIEHHOM IONEPEYHOM
CeYeHHH TPYOhL, NO3BOJISIOT ONPEACHATh NIOTCPH HA TPEHHE, BHI3BAHHBIE HATHYHEM MPOAONLHOTO Opel-
penust. Kpome Toro, mHTeHCHOHEALMA TEILUIONEPEHOCA BO BXOOHOM TEIUIOBOM Y4acTke opebpenHoii
TAy6hl NpeacTeieHa cpeaHeii 06BEMHOIM TeMnepaTypoil Yepe3 HarIAAHBE FEOMETPUYECKHE, THIPOIHHA-
MHYECKME, TEIUTOBBIE H PaIHallHOHHBIE IAPAMETPHI.



